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Random-cluster model

Random-cluster model

Random-cluster model [Fortuin-Kasteleyn, 1970s]

@ G=(V,E)is afinite graph.

® w = (we)eck € {0, 1} :
e € E is open (resp. close) if we = 1 (resp. if we = 0).

@ Edge-weight : p € (0, 1). Cluster-weight : ¢ > 0.
Plw] oc p2)(1 — p)e) (),

@ g = 1 :Bernoulli bond percolation @ g =2 : FK-Ising model
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Random-cluster model

Random-cluster model [Fortuin-Kasteleyn, 1970s]

@ G=(V,E)is afinite graph.

® w = (we)eck € {0,1}:
e € E is open (resp. close) if we = 1 (resp. if we = 0).

@ Edge-weight : p € (0, 1). Cluster-weight : ¢ > 0.
Plw] oc p2)(1 — p)e) (),

@ g =1 :Bernoulli bond percolation @ g =2 : FK-Ising model

Critical edge-weight [Beffara-Duminil-Copin, PTRF2012]

V34
1+vq

Forg>1, pc(q) =

@ sub-critical p < pc(q) : connection probability — 0.
@ critical p = pc(q) : connection probability is non-trivial.
@ super-critical p > pc(q) : connection probability — 1.
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Random-cluster model

Random-cluster model [Fortuin-Kasteleyn, 1970s]

@ G=(V,E)is afinite graph.

® w = (we)eck € {0,1}:
e € E is open (resp. close) if we = 1 (resp. if we = 0).

@ Edge-weight : p € (0, 1). Cluster-weight : ¢ > 0.
Plw] oc p2)(1 — p)e) (),

@ g =1 :Bernoulli bond percolation @ g =2 : FK-Ising model

Critical edge-weight [Beffara-Duminil-Copin, PTRF2012]

V34
1+vq

Forg>1, pc(q) =

@ sub-critical p < pc(q) : connection probability — 0.
@ critical p = pc(q) : connection probability is non-trivial.
@ super-critical p > pc(q) : connection probability — 1.

@ g =1 :Cardy’s formula .. .
Proved by Smirnov for site percolation on T ® g =2:[Chelkak-Smirnov, Invent.2012]
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Random-cluster model

Connection Probabilities

@ A polygon (£2; x1,..., Xon)
@ Alternating boundary conditions : (x1X2), (X3X3), . . ., (Xany—1 Xon) @re wired.
@ N wired arcs are further wired according to a non-crossing partition outside of the polygon.

Such boundary condition can be encoded by a planar link pattern with N links of {1,2,...,2N}
Boundary condition : 3 = {{a1, b1}, {a2, b2}, ..., {an, bn}}-

@ N interfaces inside of the polygon : planar link pattern with N links of {1,2,...,2N}
Internal link pattern : o = {{c1,d1},{c2, &}, ..., {cn, AN} }.

Hao Wu Tsinghua University, China (THU) FK-Ising 2022. 11. 27The 17th Workshop on Markov Processes



Random-cluster model

Connection Probabilities

Conjecture on critical random-cluster model [Flores-Kleban-Simmons-Ziff, 2011, 2017]

Fix parameters « € (4,8) and g = 4 cos?(47/x) € (0, 4). We have the scaling limit of the
connection probabilities :

. Za(2; X1, .., Xon)
lim PS[A% = o] = M, Zed s T TN
Jim Pl a] .5(Q) G (X1, on)

@ M, g(q) : Meander matrix @ Gz : Coulomb gas integrals @ Z, : Pure partition functions
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Random-cluster model

Meander matrix

@ Meander formed from o, 3 :

a=_ /N, 8=\ m=>-

@ Meander matrix

Ma,,B(Q) _ \/a#loopsinthe meander (a,ﬁ), o, B € LPN.
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Random-cluster model

Coulomb gas integrals

@ Write the boundary condition as
B={{a1, b1}, {a, b2},...,{an, bn}} withay < a» < --- <ayand ar < brforall1 <r <N.

Coulomb gas integrals with « € (4,8) and g = 4 cos?(47/x) € (0,4)

Gs: {x:=(x1,....%n) €RN: X <+ <oy} = C,
Ggr—8/x)\"N .
o) (TN [ (e
F(1—4/x) 1<i<j<2N
Xbq Xbp 8/ Y
></ du1-~/ duy H (us — ur)®’'" H (ur — x;) ",
Xay Xay 1<r<s<N 1<i<2N

1<r<N

where the branch of the multivalued integrand is chosen to be real and positive when

Xa, < Re(ur) < Xg,41 forall1 <r<N.

@ BPZ equations :

|: 82+Z< j— ((?(j__’?[é:)] F(X17...,X2N) =0.

J#i

Hao Wu Tsinghua University, China (THU) FK-Ising 2022. 11. 27The 17th Workshop on Markov Processes




Random-cluster model

Pure Partition Functions

Pure Partition Functions
{Z : a € LP} is a collection of smooth functions satisfying PDE, COV, ASY.

PDE : {gaz + 3 (x =50 — (X/E—Z)zﬂ Z(xq,...,Xon) = 0, where h = (6 — k) /2k.

COV : Z(x1, ..., Xan) = [ 128 &' ()" x Z(o(x1), .., 9 (%en)).

Zo(qeon) _ {Za/{j,j+1}(x1u---vxj17Xj+27 coXon), iE{j+1} €

ASY limy .1 g2 else.
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Random-cluster model

Pure Partition Functions

Pure Partition Functions
{Za : a € LP} is a collection of smooth functions satisfying PDE, COV, ASY. J

PDE : {362 + X (X =0 — ()937/1,)2)] Z(Xq,...,Xn) = 0, where h = (6 — k)/2k.

COV : Z(x1, ..., Xan) = [ 128 &' ()" x Z(o(x1), .., 9 (%en)).

Zo(qeon) _ {Za/{j,j+1}(x1a---vxj1axj+27 coXon), iE{j+1} €

ASY limy .1 g2 else.

Probability
@ PDE : It6’s formula
@ ASY : compatible
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Random-cluster model

Pure Partition Functions

Pure Partition Functions
{Za : a € LP} is a collection of smooth functions satisfying PDE, COV, ASY. J

PDE : {362 + X (X =0 — ()937/1,)2)] Z(Xq,...,Xn) = 0, where h = (6 — k)/2k.

COV : Z(x1, ..., Xan) = [ 128 &' ()" x Z(o(x1), .., 9 (%en)).

Zo(qeon) _ {Za/{j,j+1}(x1a---vxj1axj+27 coXon), iE{j+1} €

ASY limy .1 g2 else.

Probability CFT
@ PDE : It6’s formula @ PDE : BPZ equations
@ ASY : compatible @ ASY : fusion rules
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Pure Partition Functions

Pure Partition Functions
{Za : a € LP} is a collection of smooth functions satisfying PDE, COV, ASY. J

PDE : {362 + X (X =0 — (Xﬁ#)] Z(Xq,...,Xn) = 0, where h = (6 — k)/2k.

COV : Z(x1, ..., Xan) = [ 128 &' ()" x Z(o(x1), .., 9 (%en)).

Zo(qeon) _ {Za/{j,j+1}(x1a---vxj1axj+27 coXon), iE{j+1} €

ASY limy .1 g2 else.

Probability CFT PDE
@ PDE : It8’s formula @ PDE : BPZ equations @ PDE : 2N variables, 2N PDEs
@ ASY : compatible @ ASY : fusion rules @ ASY :boundary value ?
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Random-cluster model

Pure Partition Functions

Pure Partition Functions
{Z : a € LP} is a collection of smooth functions satisfying PDE, COV, ASY.

PDE : {362 + X (X =0 — ﬁ)] Z(Xq,...,Xn) = 0, where h = (6 — k)/2k.

COV : Z(x1, ..., Xan) = [ 128 &' ()" x Z(o(x1), .., 9 (%en)).

Zo(qeon) _ {Za/{j,j+1}(x17---vxj1axj+27 coXon), iE{j+1} €

ASY limy .1 g2 else.

Probability CFT PDE
@ PDE : It8’s formula @ PDE : BPZ equations @ PDE : 2N variables, 2N PDEs
@ ASY : compatible @ ASY : fusion rules @ ASY :boundary value ?
Questions

Existence and uniqueness ?
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Random-cluster model

Pure partition functions

Uniqueness [Flores-Kleban, CMP2015]

Fix x € (0, 8). If there exist collections of smooth functions satisfying PDE, COV and ASY, they are
(essentially) unique.
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Random-cluster model

Pure partition functions

Uniqueness [Flores-Kleban, CMP2015]

Fix x € (0, 8). If there exist collections of smooth functions satisfying PDE, COV and ASY, they are
(essentially) unique.

Existence

@ € (0,8)\ Q [Kytola-Peltola, CMP2016] @ Coulumb gas techniques

@ x € (0, 4] [Peltola-W. CMP2019, Beffara-Peltola-W. AOP2021] @ Global multiple SLEs

@ x € (0,6] [W. CMP2020] @ Hypergeometric SLE )
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Random-cluster model

Pure partition functions

Uniqueness [Flores-Kleban, CMP2015]

Fix x € (0, 8). If there exist collections of smooth functions satisfying PDE, COV and ASY, they are
(essentially) unique.

v

Existence

@ € (0,8)\ Q [Kytola-Peltola, CMP2016] @ Coulumb gas techniques
@ x € (0, 4] [Peltola-W. CMP2019, Beffara-Peltola-W. AOP2021] @ Global multiple SLEs

@ x € (0,6] [W. CMP2020] @ Hypergeometric SLE

Theorem [W. CMP2020]

Fix x € (0, 6]. The pure partition functions are the recursive collection {2, : « € UyLPy} of
smooth functions Z, : Xpny — R uniquely determined by the following properties :

PDE, COV, ASY as well as PLB :

0< Za(x,-en) < [ 16— xal 72", V(x1,..., %en) € Xon.
{a,b}ea

{Za : o € LPy} is linearly independent and forms a basis for the solution space.

w
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Random-cluster model

Coulomb gas integrals and pure partition functions

Coulomb gas integrals with x € (4,8) and g = 4 cos?(4r/x) € (0,4)

—8/k N

Xp. X,
X/ " duy / aow TT g-x0c TT (ws—u)®s T (w—x)7YR
Xa Xa

1 N 1<i<j<2N 1<r<s<N 1<i<2N

1<r<N

Pure Partition Functions with < € (0, 6]
{Z4 : a € LP} is the unique collection of smooth functions satisfying PDE, COV, ASY and PLB.
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Random-cluster model

Coulomb gas integrals and pure partition functions

Coulomb gas integrals with x € (4,8) and g = 4 cos?(4r/x) € (0,4)

—8/k N

Xp. X,
X/ " duy / aow TT g-x0c TT (ws—u)®s T (w—x)7YR
Xa Xa

1 N 1<i<j<2N 1<r<s<N 1<i<2N

1<r<N

Pure Partition Functions with < € (0, 6]
{Z4 : a € LP} is the unique collection of smooth functions satisfying PDE, COV, ASY and PLB.

Theorem [Feng-Peltola-W. 2022]
Fix parameters » € (4,6] and g = 4 cos®(4r/x) € [1,4). We have

Gs(X) =D Ma 5(q)Za(X).
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Coulomb gas integrals and pure partition functions

Coulomb gas integrals with x € (4,8) and g = 4 cos?(4r/x) € (0,4)

—8/k N

Xp. X,
X/ " duy / aow TT g-x0c TT (ws—u)®s T (w—x)7YR
Xa Xa

1 N 1<i<j<2N 1<r<s<N 1<i<2N

1<r<N

Pure Partition Functions with < € (0, 6]
{Z4 : a € LP} is the unique collection of smooth functions satisfying PDE, COV, ASY and PLB.

Theorem [Feng-Peltola-W. 2022]
Fix parameters » € (4,6] and g = 4 cos®(4r/x) € [1,4). We have

Gs(X) =D Ma 5(q)Za(X).

@ As Z, > 0 for all a, we have Gg > 0.
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Random-cluster model

Coulomb gas integrals and pure partition functions

Coulomb gas integrals with x € (4,8) and g = 4 cos?(4r/x) € (0,4)

—8/k N

Xp. X,
X/ " duy / aow TT g-x0c TT (ws—u)®s T (w—x)7YR
Xa Xa

1 N 1<i<j<2N 1<r<s<N 1<i<2N

1<r<N

Pure Partition Functions with < € (0, 6]
{Z4 : a € LP} is the unique collection of smooth functions satisfying PDE, COV, ASY and PLB.

Theorem [Feng-Peltola-W. 2022]
Fix parameters » € (4,6] and g = 4 cos®(4r/x) € [1,4). We have

Gs(X) =D Ma 5(q)Za(X).

@ As Z, > 0 for all a, we have Gg > 0.
@ {Z, : a € LPy} is linearly indept.
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Random-cluster model

Coulomb gas integrals and pure partition functions

Coulomb gas integrals with x € (4,8) and g = 4 cos?(4r/x) € (0,4)

—8/k N

Xp. X,
X/ " duy / aow TT g-x0c TT (ws—u)®s T (w—x)7YR
Xa Xa

1 N 1<i<j<2N 1<r<s<N 1<i<2N

1<r<N

Pure Partition Functions with < € (0, 6]
{Z4 : a € LP} is the unique collection of smooth functions satisfying PDE, COV, ASY and PLB.

Theorem [Feng-Peltola-W. 2022]
Fix parameters » € (4,6] and g = 4 cos®(4r/x) € [1,4). We have

Gs(X) =D Ma 5(q)Za(X).

@ As Z, > 0 for all a, we have Gg > 0. o {M, 5(q) : a, 8 € LPy} may be not invertible.
@ {Z, : a € LPy} is linearly indept. @ When xk = 16/3 and g.= 2, itis NOT invertible.
FK-Ising 2022. 11. 27The 17th Workshop on Markov Processes



Random-cluster model

Connection Probabilities

Conjecture on critical random-cluster model [Flores-Kleban-Simmons-Ziff, 2011, 2017]

Fix parameters » € (4,8) and g = 4 cos?(47/x) € (0, 4). We have the scaling limit of the
connection probabilities :

. ZQ(Q;X17"'1X2N)
lim P&[AS = o] = Za\e Ay 2N
Jim P3LA° = o] = Ma,5(q) G 51, on)
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Random-cluster model

Connection Probabilities

Theorem [Feng-Peltola-W. 2022]
Fix k = 16/3 and g = 2. We have the scaling limit of the connection probabilities :

. StoA5 1 Za(2; X1, ..., Xon)
lim BAAP = o] = My, 5(q) 220 Xtor o 2on). (1)

Ga(2 X1, ..., Xon)
Moreover, when Q = H,
Usoi/4) 1/2

(Xa, — Xas)(Xps — Xb,)
(X, — Xag)(Xps — Xar)

N
Go(xt,- - xen) = [T 1%, — xagl7'/8 ( >
s=1

oce{H1IN1<s<t<N

2
the interfaces converge weakly to the Loewner chain associated to Gz :
AW = /R dBy + r(8i1og Gg) (V. .., VIT 1 W, VIFT Lo vBNYdE, Wy = x;,
! ; ; ) . 3
dV{:ﬁ, V[I):Xj’ ]E{‘I,...,I—‘I,I—‘,—‘I,...,ZN}7 ()
t t

earlier work : [Izyurov, AOP2022] proved (3) for the unnested pattern 8 = NN.
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Random-cluster model

Conformal Invariance in 2D Lattice Model

@ Loop-erased random walk (LERW) : x = 2 [Lawler-Schramm-Werner, AOP2004]
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Random-cluster model

Conformal Invariance in 2D Lattice Model

@ Loop-erased random walk (LERW) : x = 2 [Lawler-Schramm-Werner, AOP2004]
@ Ising model : k = 3 [Chelkak-Smirnov et al. 2012]
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Random-cluster model

Conformal Invariance in 2D Lattice Model

@ Loop-erased random walk (LERW) : x = 2 [Lawler-Schramm-Werner, AOP2004]
@ Ising model : k = 3 [Chelkak-Smirnov et al. 2012]
@ Level lines of GFF : k = 4 [Schramm-Sheffield, ACTA2009]
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Conformal Invariance in 2D Lattice Model

@ Loop-erased random walk (LERW) : x = 2 [Lawler-Schramm-Werner, AOP2004]
@ Ising model : k = 3 [Chelkak-Smirnov et al. 2012]

@ Level lines of GFF : k = 4 [Schramm-Sheffield, ACTA2009]

@ FK-Ising model : k = 16/3 [Chelkak-Smirnov et al. 2012]
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Random-cluster model

Conformal Invariance in 2D Lattice Model

Loop-erased random walk (LERW) : x = 2 [Lawler-Schramm-Werner, AOP2004]
Ising model : k = 3 [Chelkak-Smirnov et al. 2012]

Level lines of GFF : k = 4 [Schramm-Sheffield, ACTA2009]

FK-Ising model : k = 16/3 [Chelkak-Smirnov et al. 2012]

Percolation : k = 6 [Smirnov, 2001]
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Random-cluster model

Conformal Invariance in 2D Lattice Model

@ Loop-erased random walk (LERW) : x = 2 [Lawler-Schramm-Werner, AOP2004]
@ Ising model : k = 3 [Chelkak-Smirnov et al. 2012]

@ Level lines of GFF : k = 4 [Schramm-Sheffield, ACTA2009]

@ FK-Ising model : k = 16/3 [Chelkak-Smirnov et al. 2012]

@ Percolation : k = 6 [Smirnov, 2001]

@ Uniform spanning tree (UST) : k = 8 [Lawler-Schramm-Werner, AOP2004]
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Random-cluster model

Connection Probabilities

@ Multiple LERWs in UST : x = 2. [Karrila-Kyt6la-Peltola, CMP2019]
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Random-cluster model

Connection Probabilities

k

@ Multiple LERWs in UST : x = 2. [Karrila-Kyt6la-Peltola, CMP2019]
@ Multiple Ising interfaces : k = 3. [Peltola-W. AAP2022+]
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Random-cluster model

Connection Probabilities

k

@ Multiple LERWs in UST : x = 2. [Karrila-Kyt6la-Peltola, CMP2019]
@ Multiple Ising interfaces : k = 3. [Peltola-W. AAP2022+]
@ Multiple level lines of GFF : k = 4.

o GFF [Peltola-W. CMP2019]
o metric graph GFF [Ding-Wirth-W. AIHP2022, Liu-W. EJP2021]
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Random-cluster model

Connection Probabilities

k

@ Multiple LERWs in UST : x = 2. [Karrila-Kyt6la-Peltola, CMP2019]
@ Multiple Ising interfaces : k = 3. [Peltola-W. AAP2022+]
@ Multiple level lines of GFF : k = 4.

o GFF [Peltola-W. CMP2019]
o metric graph GFF [Ding-Wirth-W. AIHP2022, Liu-W. EJP2021]

@ Multiple FK-Ising interfaces : k = 16/3. [Feng-Peltola-W. 2022]
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Random-cluster model

Connection Probabilities

k

Multiple LERWs in UST : x = 2. [Karrila-Kyt6la-Peltola, CMP2019]
Multiple Ising interfaces : x = 3. [Peltola-W. AAP2022+]

Multiple level lines of GFF : x = 4.

o GFF [Peltola-W. CMP2019]
o metric graph GFF [Ding-Wirth-W. AIHP2022, Liu-W. EJP2021]

Multiple FK-Ising interfaces : k = 16/3. [Feng-Peltola-W. 2022]
Multiple percolation interfaces : k = 6. [Liu-Peltola-W. 2021]
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Random-cluster model

Connection Probabilities

k

Multiple LERWs in UST : x = 2. [Karrila-Kyt6la-Peltola, CMP2019]
Multiple Ising interfaces : x = 3. [Peltola-W. AAP2022+]

Multiple level lines of GFF : x = 4.

o GFF [Peltola-W. CMP2019]
o metric graph GFF [Ding-Wirth-W. AIHP2022, Liu-W. EJP2021]

Multiple FK-Ising interfaces : k = 16/3. [Feng-Peltola-W. 2022]
Multiple percolation interfaces : k = 6. [Liu-Peltola-W. 2021]

Multiple Peano curves in UST : k = 8. [Liu-Peltola-W. 2021] %
The general uniqueness and existence proofs fail when « = 8. New phenomenon.
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Random-cluster model

Connection Probabilities

k

@ Multiple LERWs in UST : x = 2. [Karrila-Kyt6la-Peltola, CMP2019]
@ Multiple Ising interfaces : k = 3. [Peltola-W. AAP2022+]
@ Multiple level lines of GFF : k = 4.

o GFF [Peltola-W. CMP2019]
o metric graph GFF [Ding-Wirth-W. AIHP2022, Liu-W. EJP2021]

@ Multiple FK-Ising interfaces : k = 16/3. [Feng-Peltola-W. 2022]

@ Multiple percolation interfaces : x = 6. [Liu-Peltola-W. 2021]

@ Multiple Peano curves in UST : k = 8. [Liu-Peltola-W. 2021] %

The general uniqueness and existence proofs fail when « = 8. New phenomenon.
Strategy :

@ Proper holomorphic observable ¢g.
@ Interfaces ~ Loewner chain associated to Gg.
© Analysis on the martingale Z./G3.
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Random-cluster model

Open questions

Conjecture on critical random-cluster model [Flores-Kleban-Simmons-Ziff, 2011, 2017]

Fix parameters « € (4,8) and g = 4 cos?(4n/x) € (0,4). We have the scaling limit of the
connection probabilities :
ZQ(Q; X500, XZN)

T 1
Jim P3LA° = o] = Ma,5(q) G 1, on)
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Random-cluster model

Open questions

Conjecture on critical random-cluster model [Flores-Kleban-Simmons-Ziff, 2011, 2017]

Fix parameters « € (4,8) and g = 4 cos?(4n/x) € (0,4). We have the scaling limit of the
connection probabilities :
ZQ(Q; X500, XZN)

S oSS 1
LSITOPB[A = ol = Ma.5(q) Ga(x1,..., %)

Random-cluster model with g € [1,4) and « € (4, 6].
@ Convergence of interfaces of the model is known for g = 2 :
@ Not Known : other q € [1,4)?
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Random-cluster model

Open questions

Conjecture on critical random-cluster model [Flores-Kleban-Simmons-Ziff, 2011, 2017]

Fix parameters « € (4,8) and g = 4 cos?(4n/x) € (0,4). We have the scaling limit of the
connection probabilities :
ZQ(Q; X500, XZN)

lim P4[A° = o] = .
51“0 B[A Oé] Ma’ﬁ(q)gB(Q;XMHWXZN)

Random-cluster model with g € [1,4) and « € (4, 6].
@ Convergence of interfaces of the model is known for g = 2 :
@ Not Known : other q € [1,4)?
@ Connection probabilities of the model is known for g = 2 :

@ A proof without using the convergence of interfaces ? E.g. double-dimer model [Kenyon-Wilson 2011]
o Generalize it to other g € [1,4)?
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Open questions

Conjecture on critical random-cluster model [Flores-Kleban-Simmons-Ziff, 2011, 2017]

Fix parameters « € (4,8) and g = 4 cos?(4n/x) € (0,4). We have the scaling limit of the
connection probabilities :
ZQ(Q; X500, XZN)
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Random-cluster model with g € [1,4) and « € (4, 6].
@ Convergence of interfaces of the model is known for g = 2 :
@ Not Known : other q € [1,4)?
@ Connection probabilities of the model is known for g = 2 :

@ A proof without using the convergence of interfaces ? E.g. double-dimer model [Kenyon-Wilson 2011]
o Generalize it to other g € [1,4)?

Random-cluster model with g € (0,1) and € (6, 8).
@ The model : Little is known.
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Open questions

Conjecture on critical random-cluster model [Flores-Kleban-Simmons-Ziff, 2011, 2017]

Fix parameters « € (4,8) and g = 4 cos?(4n/x) € (0,4). We have the scaling limit of the
connection probabilities :
Z(I(Q; X500, XZN)

S oSS 1
LSITOPB[A = ol = Ma.5(q) Ga(x1,..., %)

Random-cluster model with g € [1,4) and « € (4, 6].
@ Convergence of interfaces of the model is known for g = 2 :
@ Not Known : other q € [1,4)?
@ Connection probabilities of the model is known for g = 2 :

@ A proof without using the convergence of interfaces ? E.g. double-dimer model [Kenyon-Wilson 2011]
o Generalize it to other g € [1,4)?

Random-cluster model with g € (0,1) and € (6, 8).
@ The model : Little is known.

@ Pure partition functions Z,, for x € (6,8) :

o Partial results [Flores-Kleban 2015, Kytdl&a-Peltola 2016]
@ Not known : positivity for ~ € (6, 8) ?
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Open questions

Conjecture on critical random-cluster model [Flores-Kleban-Simmons-Ziff, 2011, 2017]

Fix parameters « € (4,8) and g = 4 cos?(4n/x) € (0,4). We have the scaling limit of the
connection probabilities :
Z(I(Q; X500, XZN)

lim P4[A° = o] = .
Jim BolA” = ol M“’ﬁ(q)Gﬁ(Q:th,xQN)

Random-cluster model with g € [1,4) and « € (4, 6].
@ Convergence of interfaces of the model is known for g = 2 :
@ Not Known : other q € [1,4)?
@ Connection probabilities of the model is known for g = 2 :
@ A proof without using the convergence of interfaces ? E.g. double-dimer model [Kenyon-Wilson 2011]
o Generalize it to other g € [1,4)?
Random-cluster model with g € (0,1) and « € (6, 8).
@ The model : Little is known.
@ Pure partition functions Z,, for x € (6,8) :

o Partial results [Flores-Kleban 2015, Kytdl&a-Peltola 2016]
@ Not known : positivity for ~ € (6, 8) ?

@ Coulomb gas integrals G are well-defined for x € (4,8) :
o Not known : positivity for x € (6,8)? Gg = >, Ma,s(q)Z. or adirect proof (e.g. when x = 8)?
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Thanks!
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